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Abstract 

Let K € L 1 (R) and let / G L°° (R) be two functions on R. The convolution 

{K*f){x)= f K(x-y)f(y)dy 

JR 

can be considered as an average of / with weight defined by K. Wiener's Tauberian theorem 
says that under suitable conditions, if 

lim (K * f)(x) = lim (K * A)(x) 

x—too x — >oo 

for some constant A, then 

lim f(x) = A. 

x—^oo 

We prove the following ^-adic analogue of this theorem: Suppose K, F, G are perverse i?-adic 
sheaves on the affine line A over an algebraically closed field of characteristic p (p 7^ £). Under 
suitable conditions, if 

(K * F)\ Vao = (K * G)\ Voo , 

then 

F\n<x> — G\ Voa , 

where r/oo is the spectrum of the local field of A at 00. 
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Introduction 

A Tauberian theorem is one in which the asymptotic behavior of a sequence or a function is deduced 
from the behavior of some of its average. The ^-adic Fourier transform was first introduced by 
Dcligne in the study of exponential sums using i?-adic cohomology theory. It was further developed 
by Laumon [5]. In this paper, using the ^-adic Fourier transform, we prove an £-adic analogue 
of Wiener's Tauberian theorem in the classical harmonic analysis. Our study shows that many 
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results in the classical harmonic analysis have ^-adic analogues and this area has not been fully 
explored. The result in this paper is absolutely not in its final form. 

For any fi,f 2 £ their convolution /i*/ 2 6 L 1 (R) is defined to be 

(fi*h)(x)= / fi{x -y)f 2 (y)dy. 

JR 

If we define the product of two functions to be their convolution, then L 1 (R) becomes a Banach 
algebra. A function / £ L°°(R) is called weakly oscillating at oo if for any e > 0, there exist N > 
and 6 > such that for any x\, x 2 £ R with the properties that |xi|, \x 2 \ > N and \x% — x 2 \ < 5, 
we have 

- /(ara)| < e- 

Recall the following theorem ([5J VIII 6.5). 

Theorem 0.1 (Wiener's Tauberian theorem). Let K x £ L 1 (R) and f £ i°°(R). 
(i) //lim^^oo f(x) = A, then 



lim / K 1 (x-y)f{y)dy = A / K^dx. 

Jr 

(ii) Suppose the Fourier transform 

Kiffl = J K 1 (x)e iix dx 

of Ki has the property Ki(0 7^ for all £ £ R and suppose 

lim / K 1 (x-y)f(y)dy = A f K^dx. 
x ^°° Jr Jr 

Then 

lim / K 2 (x - y)f{y)dy = A [ K 2 (x)dx 



for all K 2 £ L 1 (R). Suppose furthermore that f is weakly oscillating at oo. Then we have 
Hindoo f(x) = A. 

We quickly recall a proof of (ii). Let 

I = {K £ i 1 (R) lim / K(x - y)f(y)dy — A [ K(x)dx}. 

x ^°° Jr Jr 

Then / is a closed linear subspace of L X (R). If K £ /, then for any y £ R, the translation K y 
of K defined by K y (x) = K(x — y) lies in /. This implies that I is a closed ideal of the Banach 



algebra L 1 (M). Since #i(£) ^ for all £, by a theorem of Wiener (J3] VIII 6.3), for any g G L^E) 
such that g has compact support, their exists <?i G L 1 (E) such that <? = g\K\, which implies that 
g = gi * K\, So the closure of the ideal generated by K\ is We have K\ g /, so we have 

I = L 1 (E). Hence for any K 2 € L X (E), we have 



lim / K 2 {x 



For any ft > 0, taking 



we get 



y)f{y)dy = A f K 2 (x)da 
Jr 



w \ if x £ [0,ft], 



l r 

lim r / /(y)<fy = A. 

s^ 00 « Jx-h 

If / is weakly oscillating at oo, this implies that ]im x -^ oa f(x) = A. 

In this paper, we study an analogue of the above result for £-adic sheaves on the afhne line. 
Throughout this paper, p is a prime number, k is an algebraically closed field of characteristic 
p, F p is the finite field with p elements contained in k, t is a prime number distinct from p, and 
tp ■ F p — > Qg is a fixed nontrivial additive character. Let A = Specfc[ir] be the affine line. The 
Artin-Schreier morphism 

p : A — > A 

corresponding to the fc-algebra homomorphism 

k[t] -> k[t], t^t p -t 
is a finite Galois etale covering space, and it defines an F p -torsor 

04F p 4a4a->o. 

Pushing-forward this torsor by V' -1 , we get a lisse (Q^-sheaf 5£^, of rank 1 on A. Let A' = Spec k[x'] 
be another copy of the affine line, let 

vr : A x fc A' ->■ A, 7r' : A x fe A' — > A' 

be the projections, and let _5?</,(xx') be the inverse image of JS^/, under the fc-morphism 

A x fe A' — > A, (x, x') m> a;x' 



corresponding to the fc-algebra homomorphism 

k[t] — > k[x, x'], 1 \— > xx 1 . 

For any object K in the triangulated category Z)J(A, Q^) defined in [2] 1.1, the Fourier transform 
&{K) e obr/(A,Q £ ) of X is defined to be 

&{K) =Rir' l (iT*K ®^{xx'))[l]. 

Let 

s:AxfcA->A, (ir, y) n> .t + y 
be the £;-morphism corresponding to the £;-algebra homomorphism 

k[t] — > k[x, y], t h-» x + y, 

and let 

Pi,p 2 ■ A x fe A -> A 

be the projections. For any K\,K 2 G ob£>^(A, Q^), define their convolution i^i*^ £ obZ3^(A, Q £ ) 
to be 

Ki * # 2 = Rs\{p*xKi ® p 2 K 2 ). 

Let F e D^(A, Q e ). We say F is a perverse sheaf (confer [1]) if has finite support, 

Jf? ~ X (K ) has no sections with finite support, and M' % (K) = for i ^ 0, 1. The Fourier transform 
of a perverse sheaf on A is a perverse sheaf on A'. 

Let P = AU{oo} and P' = A'U{oo'} be the smooth compactifications of A and A', respectively. 
They are projective lines. For any Zariski closed point x (resp. x') in P (resp. P'), let r] x (resp. 
rj x ') be the generic point of the henselization of P (resp. P') at x (resp. x 1 ), and let fj x (resp. fj x >) 
be a geometric point above rj x (resp. i] x i). On Gal(fj x / rj x ) (resp. Ga\(fj x i /rj x i)), we have a filtration 
by ramification subgroups in upper numbering. We can use this filtration to define the breaks of 
((^-representations of Gal(fj x / rj x ) (resp. Gal(fj x / /i] x i)). For any perverse sheaf F on A, ^° _1 (F)^ x 
is a ((^-representation of Gal(fj x / r/ x ) . Confer [5 for the definition of the local Fourier transform 
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Theorem 0.2 (Tauberian theorem). Let K G obD b c (K, Q ; ) be a perverse sheaf on A. Suppose the 
Fourier transform .^{K) is of the form L[l] for some lisse Q e -sheaf L on A'. Let M,N be lisse 
Q r sheaves on A. Then K * (M[l]) and K * (-/V[l]) are perverse. 

(i) IfM noo ~N noo , then 3V~\K * (M[l]))^ Jf~\K * (N[l])) nae . 

(ii) Suppose L has rank 1, and all the breaks of L n<x> , ® J^ 00 * 00 ') (M^ ) and L n ^, ® J^ 00 * 00 ') (N noo ) 
lie m (l,oo). IfM'-\K*{M[l])) noo Jg>-\K * {N[\])) noo , then M noo £* N noo . 

Remark 0.3. In Wiener's Tauberian Theorem 0.1, we have K\ G L 1 (R). This implies that K\ is a 
uniformly continuous function on R. This corresponds to the condition in Theorem 0.2 that ^(K) 
is of the form L[l] for a lisse sheaf L on A'. There are many perverse sheaves K on A satisfying this 
condition. For example, we can start with a lisse sheaf L on A', and then take K — a*J?'(L[l])(l), 
where is the Fourier transform operator defined as above but interchanging the roles of A and 
A', a : A — > A is the /c-morphism corresponding to the k- algebra homomorphism 

k[x] — > k[x], x —x, 

and (1) denotes the Tate twist. 

Remark 0.4. As one can see from the proof of Wiener's Tauberian Theorem 0.1, the condition 
Ki(0 ^ for all £ ensures that for any g G L 1 (M) such that g has compact support, there exists 
gi G L*(R) such that g = g\K\ and g = gi * K\. So the closure of the ideal generated by K\ in 
L : (R). This corresponds to the condition in Theorem 0.2 that &{K) = L[l] for a lisse sheaf L of 
rank 1 on A'. Indeed, for any G G obZ)J(A, Q^), we have 

&{G) = {.^{G)®L- 1 )®L 

S {,^(G)®L- 1 [-l])(E>^{K). 

It follows that 

G = Gi * K, 

where d = a»jT (J?(G) ® L" 1 )^). 

Remark 0.5. It is interesting to find a Tauberian theorem in the case where k is of characteristic 0. 
In this case, the Fourier transform is not available. We need to find a convenient condition on K 
which ensures that for any G G ob D b c (h, Q t ), their exists G\ G ob D b c {K, Q e ) such that G = G\ *K. 
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By [3] Theorem II 8.1, the condition -£T(£) 7^ for all £ in Wiener's Theorem 0.1 is equivalent 
to the condition that if K * f = for some / <E L°°(R), then we have / = 0. So to obtain a 
Tauberian theorem for l-adic sheaves, we may try to find a condition on a perverse sheaf if on A 
which ensures that for any G £ ob_D^(A, Q e ) such that K * G = 0, we have G = 0. 

1 Proof of the Theorem 

Keep the notations in the introduction. Denote by 

ff : P x k P' -> P, tt' : P x fc P' -> P' 

the projections, by a : A H- P and c/ : A' c — S- P' the immersions, and by ^^(xx 1 ) the sheaf 
(a x a')\^^,{xx') on P Xj, P'. For any (^-representation V of Gal(fy s /7j x ) or Gal(fj x r / rj x r) and any 
interval (a, b) in R, denote by y( a ' b ) the largest subspace of V with breaks lying in (a, £>). 

Lemma 1.1. Lei i, U an V be ^-representations of G&l(fj x /r) x ) . Suppose either L*- 1 ' 00 * 1 — or 
jj[0,1] = y[0,l] = 0. 

(i) IfU^ 1 ^ = V^'°°\ then (L <g> [/)( 1 - 00 ) ^ (L ® y)^' 00 ). 

fnj Suppose furthermore that L has rank 1, and a/Z i/ie breaks of L® JJ^ 1 - 00 ) and L ® yi 1 ' 00 ) 
Zie in (1, 00). 7/ (X <g> U^ 1 ' 00 ) = (L ® y)^ 00 ), £/ien [/(L 00 ) ^ yC 1 - 00 ). 

Proof. We have decompositions 

£ S Lid] £(1,«0 , {/ £ {/[0,1] [/(l.oo)^ 

It follows that 

L®U = (L^ ® C/[o.H) 0(i(L-) [/IM) 0(£ g, [/d'-)). 

Note that the breaks of L^ 1 ! ® l^ ' 1 ! lie in [0, 1], and the breaks of L^ 1 ' 00 ) <g> C/I ' 1 ! lies in (1, 00). 
It follows that 

(L <g> CT)^' 00 ) S (L^ 1,00 ) ® C/ [0 ' 1] ) 0(L ® )(!.»). 
Since either = or U^^ = 0, we have 

(L ® f/)^ 00 ) S (L <g> f/(i.°°))(i.°°). 
We have a similar equation for V. Our assertion follows immediately. □ 

G 



Lemma 1.2. Let H be a perverse sheaf on A and let S C A be the set of those closed points s in 
A such that either J4?°(H) S ^ or Jif~ 1 (H) is not a lisse sheaf near s. Then we have 
/ \ (1,00) 

sES 

Proof. Let j : A — S — > A be the open immersion, and let A be the mapping cone of the canonical 
morphism j\j*H —> H. Then A has finite support. Hence Jtf l (^(A))fj , are extensions of 
J£^(ax')\fj , for some a G k. In particular, they have no subspace with breaks lying in (1, 00). We 
have a distinguished triangle 

&(j\fH) -)• &{H) -> J?(A) -> . 

It follows that 

(\ (1,00) / \ (1,00) 

By [5] 2.3.3.1, we have 

se-^tifH))^, s0^('.~')(jr- 1 (H) 5 .)0^ oo ' oo ')(jr- 1 (^)^). (i) 

We have 

^ s ' 00 ')(^r- 1 (ff) j5 J S ^ a '°°'\M'- 1 {H) ne ) (8 ^(aa/)^. 

So by [5] 2.4.3 (i) (b), ^ s '°°">(,J>f~ 1 (H) fls ) has breaks lying in [0,1]. By [5] 2.4.3 (hi) (b), 
jr(oo,cx) )(J^' _1 (7J)^ oo ) has breaks lying in (l,oo). Taking the part with breaks lying in (l,oo) 
on both sides of the equation (1), we get the first equation in the lemma. By [5] 2.3.3.1, we have 

je-H&iH))^ S0i?°^ oo ,(7f*a ! ff®^(^')), ,0^" (oo,o °' ) (^ 1 (ff)^). (2) 

Taking the part with breaks lying in [0, 1] on both sides of the equation (2), we get the second 
equation in the lemma. □ 

The following proposition apparently looks more general than Theorem 0.2. 

Proposition 1.3. Let K G oh D b c (hMi) be a perverse sheaf on A. Suppose the Fourier transform 
&{K) is of the form L[l] for some lisse Qg- sheaf L on A'. Let F,G <E obZ?^(A, Q ; ) be perverse 
sheaves on A. Then K * F and K * G are perverse. Suppose furthermore either 

.^{^{F))^} = Jtf-^&iG))^} = 0, 
7 



(i) IfW-\F)^ ^Jf-HG)^, then #-\K * F)^ <* #-\K * G)^ . 

(ii) Suppose L has rank 1, and all the breaks of 

lie in (l,oo). IfJt?- 1 (K*F) fjao ^ 3tf~ x {K * G)^, then J?- 1 (F)^ ^ J?- 1 (G)^ . 

Proof. Denote the Fourier transforms of K and F by K and F, respectively. Let a : A — >• A be the 
fc-morphism corresponding to the fc-algebra homomorphism 

k[x] — > k[x], x i-> —x. 

By [5] 1.2.2.1 and 1.2.2.7, we have 

K*F = a*&'&{K * F)(l) 

* a^'(^(i^) ®^(F))[-1](1) 
= a*,i^'(L® J?(F))(1). 

So by [5] 1.3.2.3, if * F is perverse. Let S' C A' be the set of those closed points s' in A' such that 
cither Jf°(^(F)) g > ^ or Jf 7_1 (#'(F)) is not a lisse sheaf near s'. By [5 2.3.3.1, we have 

^- X {&\L®&{F))\ = © s , eS , R ^ fj U'*a[{L®^{F))®^[xx 1 )) 

\ / r/ao \ / (00,5') 

Since L is lisse on A', we have 

#°$f7oo (L®&(F)) ®& i) {xx')\ ® R Q $ noa (K'*4&{F) ®& i ,{xx')) , , y 

\ / (00, S 1 ) \oo,s ) 

Denote also by a the morphism j]oo — > rj^ induced by a. We have 

J^- 1 (K*F) fjoo =a,( © s , eS , L s . ® R°<S>, lx (w'*a[&(F) ® S^xx')) (ooy) 

© ^°°''~)(^./ ® WOW )) (!)• 

By Lemma 1.2, we have 

^- i (^*F)?r ) = ^(^° o '' oo )(L j?oo( ®^- i (^(F))^,))(i), 

Jf- 1 ^*^ ; 11 £* a*( i r ®fl $ i?oo (7f , *a{^(F)<8»^(a;a; , )) (oo _ fl , ) )(l). 
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Similarly, we have 

^_ 1(F) (l,oo) ^ ^(^(oo',oo) (jr -l ( ^ (F)) _^ ))(1)j 

^(F)^ 1 = «,(©tf$^(*'*^(f)8^(»')) (M!S J(l)- 
s'eS' 

Let T C A' be the set of those closed points s' in A' such that either Jf° (J? (G)) r ^ or 
^~ 1 (^(G)) is not a lisse sheaf near s'. We have similar equations if we replace F by G and <S" 
by T'. 

Suppose ~ 1 (F)^ oo = J^-^G)^. From 

^(F)^ 11 ^^- 1 ^ 11 . (3) 

we get 



«* ( R°^fioo &{F) ® ^(o')) (o0;S , } ) (1) 

( © s - eT ' A **?-, (7f'*a|^(G) ® ^ (**')) (o0jV) ) (1). 



(4) 



(5) 



Since L is lisse on A', it follows that 

( ® s >es> L ~s' ® (7f'*a;^(F) ® ^(^')) (oo>s0 ) (1) 

= a* ( s , eT , ® R ^ (n'*a^(G) ® ^ («')) (1). 

that is, 

J^tf * F)t 1] = * G)[°5 (6) 

From 
we get 

a*(^ 00 '' 00 )(Jf- 1 (^(F)) i?oo ,))(l) S a,(^ 00 '^)(^- 1 (^(G))^,))(l). (8) 
So we have 

^(oo'.oo)^-!^^^) ^ ^(~'.~) (^(^(G))^,). (9) 

This is equivalent to 

^(^(F))^ = ^(^(G))^ (10) 



by [5] 2.4.3 (iii) (b) and (c). By Lemma 1.1, we have 

(L^, ®^-\nF))fi x .) {hoo) = ^,®^~\&(G))^,)^\ (11) 

Hence 

j t .(oo',oo)^ L _^ ^ ^f 00 '- 00 )^, ®M'- 1 (^{G))r jao ,). (12) 

So we have 

Jf?-\K * -F)^ 00 ' = ^^(^ * G)^ 00 '. (13) 

By equations (6) and (13), we have 

W-\K*F)^m?-\K*G)^. 

The above argument can be reversed. We have the following implications for the above equa- 
tions: 

(3) « (4) => (5) & (6), 

(7) <S=> (8) o (9) ^ (10) (11) <S=> (12) 4=> (13). 
Suppose L has rank 1, then we have (5) =>• (4). Suppose furthermore that all the breaks of 

Lfj^, ® JT-^JfCF))^ and L^, ® ^^{^{G)^,)^' 00 ^ 

lie in (1, oo). Then by Lemma 1.1, we have (11) => (10). If we have Jf -1 (Jf * F) noo ^ ^^(K * 
G)fjQo, then (6) and (13) holds. It follows that (3) and (7) holds. We thus have 3f?~ x {F) noo = 

^-\G)^- □ 

Proof of Theorem 0.2. Theorem 0.2 follows directly from Proposition 1.3 by taking F — M[l] and 
G = N[l\. Since M and N are lisse, by [5] 2.3.3.1 (iii), we have 

By [5] 2.4.3 (iii) (b), the breaks of J^ 00 ' 00 ') (M floo ) lie in (l,oo). Using this fact, one checks that 
the conditions of Proposition 1.3 hold. □ 
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Remark 1.4. Proposition 1.3 is actually not more general than Theorem 0.2. Indeed, if 

then ' ,^(F) is lisse on A by [5] 2.3.1.3 (ii), and hence F = M[l] for some lisse sheaf M on A. 
So if we assume the condition 

#r x (&(F))f£ = jr- 1 (^-(G0)gJ = o, 

then Proposition 1.3 is exactly Theorem 0.2. If L^°f* — 0, then by the formula [5] 2.3.1.1 (i)', K 
is a perverse sheaf with finite support. In this case, Proposition 1.3 can be proved directly. 
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